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ABSTRACT
N = 2 string theories are formulated in space-times with 2 space and 2 time
dimensions. If the world-sheet matter system consists of 2 chiral superfields, the
space-time is Kahler and the dynamics are those of anti-self-dual gravity. If instead
one chiral superfield and one twisted chiral superfield are used, the space-time is
a hermitian manifold with torsion and a dilaton. The string spectrum consists of
a scalar, which is a potential K determining the metric, torsion and dilaton. The
dynamics imply that the curvature with torsion is anti-self-dual, and an action is
found for the potential K. It is argued that any N = 2 sigma-model with twisted
chiral multiplets in any dimension can be deformed to a conformally invariant
theory if the lowest order contribution to the conformal anomaly vanishes. If there
are isometries, more general geometries are possible in which the dilaton is the
Killing potential for a holomorphic Killing vector.
In [1] a superstring with N=2 supersymmetry was shown to describe self-dual
gravity in a Kahler space-time with signature (2,2) (or (4,0)). The world-sheet
matter system consisted of two chiral scalar superfields Zα (α = 1, 2) satisfying
D¯±Z
α = 0, D±Z¯
β¯ = 0 (1)
where +,− are chiral spinor indices. (The superspace conventions are as in [2].)
The lowest components of the superfield, Zα |θ=0= z
α, are the bosonic complex
coordinates of the space-time. The matter system is given by the N=2 sigma-model
S =
∫
d2σd4θ K(Z, Z¯) (2)
where K is the Kahler potential, so that the metric is
gαβ¯ =
∂2K
∂zα∂z¯β¯
(3)
For this to be a consistent string background, the sigma-model must be conformally
invariant, which will be the case if the metric is Ricci-flat, or equivalently if the
curvature is self-dual (or anti-self-dual)
∗Rµνρσ ≡
1
2
ǫµν
λτRλτρσ = ±Rµνρσ (4)
where µ, ν . . . = 1, . . . 4 are coordinate indices in a real coordinate system. As
Rαβ¯ = ∂α∂β¯ log detgαβ¯ (5)
the Ricci-flatness condition can be integrated to give
detgαβ¯ = f(z)f¯(z¯) (6)
for some holomorphic function f(z). With a suitable choice of coordinates, the
right hand side can be set to −1 for (2,2) space-time signature or to +1 for (4,0)
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signature. Writing K = K˜ + φ where K˜ is a background potential, this gives an
equation for φ that can be derived from the Plebanski action (in the notation of
[1]) ∫
∂φ∂¯φ+
1
3
φ∂∂¯φ∧∂∂¯φ (7)
In [1], it was shown that the string spectrum consists of a scalar field φ whose
effective dynamics was found from string scattering amplitudes to be governed by
precisely the effective action (7), confirming that the N=2 string is a theory of
self-dual gravity.
This is not the most general way in which conformal invariance can be achieved.
More generally, one can introduce a dilaton Φ coupling through a supersymmet-
ric Fradkin-Tseytlin term so that the condition for one-loop conformal invariance
becomes
Rµν = −2∇µ∇νΦ (8)
which implies
∇α∇βΦ = 0
∂α∂β¯
(
log detgαβ¯ − 2Φ
)
= 0
(9)
These imply that ξα = i∂Φ is a holomorphic Killing vector with Killing potential
Φ, which satisfies
Φ =
1
2
log detgαβ¯ (10)
in a suitable coordinate system [3]. In addition, there is a one-loop contribution
to the Virasoro central charge proportional to (∇Φ)2, so that there are solutions
in more than four dimensions. This gives field equations for φ,Φ which generalise
the self-duality equations described above; some solutions with non-trivial dilaton
are given in [3].
However, the Kahler sigma-model is not the most general matter system with
(2,2) supersymmetry. The aim of this paper is to consider N = 2 strings based
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on the sigma-models of [2], using the results of [2-10]. The most general sigma-
model with (2,2) supersymmetry off-shell has both chiral superfields Ua, U¯ b¯ (a, b =
1, 2, . . . , d1) satisfying the constraints
D¯±U
a = 0, D±U¯
b¯ = 0 (11)
and twisted chiral superfields V i, V¯ j¯ (i, j = 1, 2, . . . , d2) satisfying the constraints
D+V
i = 0, D¯−V
i = 0, D−V¯
j¯ = 0, D¯+V¯
j¯ = 0 (12)
The action
S =
∫
d2σd4θ K(U, U¯, V, V¯ ) (13)
defines a supersymmetric non-linear sigma-model with torsion on a target space of
complex dimension d1 + d2 with coordinates x
µ = (u, u¯, v, v¯) (µ = 1, ...2(d1 + d2))
where u is the lowest component of the superfield U etc. The bosonic part of the
component sigma-model action is
S =
1
2
∫
d2σ (gµν∂ax
µ∂axν + bµνǫ
ab∂ax
µ∂bx
ν) (14)
where the metric gµν and anti-symmetric tensor bµν whose curl defines the torsion
Hµνρ =
1
2∂[µbνρ] are given by
gab¯ = Kab¯, gij¯ = −Kij¯
baj¯ = Kaj¯ , bib¯ = Kib¯
(15)
All other components of gµν and bµν not related to these by complex conjugation
or symmetry vanish, and Kµν...ρ denotes the partial derivative ∂µ∂ν ...∂ρK. The
geometry is that of a hermitian locally product space with two commuting complex
structures J±µν ; see [2] for details. In the special cases in which either d1 = 0 or
4
d2 = 0, the torsion vanishes and the space is Kahler. It is useful to define the
connections with torsion
Γ±
ρ
µν = Γ
ρ
µν ∓H
ρ
µν (16)
where Γ is the usual Christoffel connection. The complex structures are each covari-
antly constant with respect to the corresponding connection: ∇+J+ = 0,∇−J− =
0 [2], so that both connections have holonomy U(d1 + d2). It will also be useful to
define the vectors v± by
v±µ = ±J
±
µνJ
±
ρσH
νρσ (17)
and the U(1) parts of the two curvature tensors R±µνρσ (defined as in [5])
C±µν = J
±ρσR±µνρσ (18)
It follows from (15) that
v±a = ∂a log det(gij¯)
v±i = ∂i log det(gab¯)
(19)
The sigma-model will be conformally invariant at one-loop if there is a scalar
Φ(x) such that
Rµν −Hµ
ρσHνρσ = −2∇µ∇νΦ
∇νHνρσ = 2Hνρσ∇
νΦ
(20)
These are satisfied if [4,5,9]
log det(gab¯)− log det(gij¯) = f(u) + f¯(u¯) + g(v) + g¯(v¯) (21)
with
Φ = −
1
2
log det(gab¯) (22)
for some holomorphic functions f, g. With a suitable choice of coordinates, the
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right hand side of (21) can be set to zero. Then
v±µ = −2∂µΦ (23)
and it follows from [5] that
C±µν = 0 (24)
so that both connections Γ± have SU(d1+ d2) holonomy and the first Chern class
vanishes. Conversely, if (24) holds, then using Cia = i∂iva − i∂avi and (19), it can
be shown that (21),(22) hold.
Thus if (24) is satisfied, the sigma-model will be conformally invariant at one
loop, but there will in general be conformal anomalies at four loops and higher
[12]. It is straightforward to show, using an argument similar to that of [15], that a
deformation of K can be defined order by order in the sigma-model loop-counting
parameter (h¯ or α′) so that the beta-functions of the deformed sigma-model vanish.
Although for general sigma-models this is not sufficient for conformal invariance
[11], in this case it is possible to cancel the conformal anomaly to all orders by
choosing the dilaton to be given again by (22), but now with the deformed metric
appearing on the right hand side.
The equations (20) imply that
C ≡ −R +
1
3
H2 − 4∇2Φ + 4(∇Φ)2 (25)
is a constant. The resulting conformal field theory has central charge given by
c = 3(d1 + d2) +
1
4
α′C +O(α′
2
) (26)
However, for (2,2) geometries, the identity
∇µv±µ = (v
±)2 −
2
3
H2 (27)
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implies that the quantity C given by (25) is given by
C = 2∇µv±µ = −∇
2Φ = 0 (28)
when (20) holds. In four dimensions, the definition (17) implies
v±µ = ±
1
3
ǫµνρσH
νρσ (29)
so that ∇µv±µ = 0 and C vanishes identically. In this case, the sigma-model has in
fact (4,4) supersymmetry [2], the central charge is given exactly by c = 3(d1 + d2)
and the theory is conformally invariant to all orders [14]. In other dimensions,
integrating (28) and using the fact that C is both constant and a total divergence
gives that C = 0 for compact spaces, or for non-compact ones in which ∂Φ tends
to zero sufficiently fast asymptotically. In other cases it can be non-zero, so there
are quantum corrections to the central charge.
These geometries are the generalisations of the Ricci-flat Kahler spaces. As in
the untwisted case, the general solution of (20) involves Killing vectors. Let
ξa = i∂a
[
log det(gij¯)− 2Φ
]
ξi = i∂i [log det(gab¯)− 2Φ]
(30)
Then (20) implies that ξa and ξi are two commuting Killing vectors that are holo-
morphic with respect to both complex structures and which satisfy
∂aξ
i = 0, ∂iξ
a = 0 (31)
A Killing vector ξµ will leave the torsion Hµνρ invariant provided
Hµνρξ
ρ = ∂[µuν] (32)
for some uµ. The equations (20) in addition imply that (30) satisfy (32) with
ua = i∂a [log det(gab¯)− 2Φ]
ui = i∂i
[
log det(gij¯)− 2Φ
] (33)
In general, C will be non-vanishing and the central charge gets quantum correc-
tions, so that solutions in dimensions other than four are possible. The previous
7
case (21),(22) arises when the Killing vectors (30) both vanish.
Many geometries satisfying (21),(22) with vanishing ξi, ξa and leading to con-
formally invariant sigma-models are given implicitly by the twistor transform con-
struction of [2] (these in fact have (4,4) supersymmetry and so do not need quantum
deformations of K). An explicit compact example with Φ = 0 and non-vanishing
ξi, ξa was given in [13], while some non-compact examples both with and without
Killing vectors were discussed in [3].
To construct a (2,2) string theory, it is necessary to choose c = 6 to cancel the
ghost contributions to the anomalies. The simplest case is that of backgrounds
with d1 + d2 = 2 and vanishing ξi, ξa, so that C = 0. This gives the Ricci-flat
Kahler case if either d1 or d2 vanishes, while there will be non-vanishing torsion
only if d1 = d2 = 1. Then the connections Γ
± both have SU(2) holonomy so that
the model has (4,4) supersymmetry [8] and is perturbatively finite [14] and is in fact
conformally invariant (as above). Both curvatures with torsion are anti-self-dual
on both the first two and last two indices:
1
2
ǫµν
λτR±λτρσ =
1
2
R±µνλτ ǫ
λτ
ρσ = −R
±
µνρσ (34)
as can be checked using (24), J[µνJρσ] = −
1
3ǫµνρσ and [7]
R+µνρσ = R
−
ρσµν (35)
In this case the equation (21) reduces to the linear Laplace equation
Kuu¯ +Kvv¯ = 0 (36)
(choosing coordinates so that the right hand side vanishes) which can be derived
from the free effective action
1
2
∫
d4x ∂µK∂
µK (37)
This should also be the effective action that arises from considering the scattering
amplitudes for such (2,2) strings; it would be interesting to check this explicitly.
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To summarise, a (2,2) string theory can be constructed using d1 chiral multi-
plets and d2 twisted chiral multiplets, and the geometry is specified in terms of a
potential K and a dilaton Φ. In the general situation, the gradient of the dilaton is
given in terms of a Killing vector ξα. The case in which ξα = 0 is easiest to analyse;
in this case d1 + d2 = 2 and the space-time is four-dimensional. If d1 = 2 or 0,
then the geometry is Kahler, K is the Kahler potential and Φ = 0. The dynamics
require the Ricci tensor to vanish, which is equivalent to requiring the curvature
to be anti-self-dual. The matter content is a scalar field governed by the Plebanski
action (7). If d1 = d2 = 1, however, the geometry is no longer Kahler but is in-
stead a complex geometry with torsion of the type introduced in [2] which is again
given in terms of a potential K. The metric can have signature (2,2) or (4,0) and
the dilaton is given by (22). The dynamics require the curvature with torsion to
satisfy the anti-self-duality conditions (34). The string spectrum should again be
the scalar field corresponding to the potential K, but now the dynamics is given by
the free action (37). The target space theory should be a supersymmetric theory
of self-dual supergravity in 2+2 dimensions; such theories have been studied in
[16,17]. This exhausts the possibilities if the (2,2) world-sheet supersymmetry is to
close off-shell. However, there remains the class of on-shell (2,2) models with two
complex structures that do not commute and it would be interesting to understand
the resulting string theory in this case also. Similar results can also be derived for
for (2,1) strings and (2,0) strings. In particular, these involve a four-dimensional
space-time for which the curvature with torsion has SU(2) holonomy, and so is self-
dual [5-8]. This has particular relevance for the proposal of [18] relating the (2,1)
string to the type IIB string and the D = 11 membrane. This will be discussed in
more detail elsewhere.
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